[ Restless Rectangles

Concep:

TEKS Focus:

Overvievr:

Materials:

Institute Notes

Investigate the constants of proportionality within simi-
lar shapes as “shape ratios” and the scale factors be-
tween pairs of similar shapes as “size ratios” for a set of
similar rectangles and use these ratios to solve prob-
lems.

6.3—The student solves problems involving proportional
relationships.

7.3—The student solves problems involving proportional
relationships.

8.3—The student identifies proportional relationships in
problem situations.

Participants will sort a group of rectangles cut from
cardstock into two groups: those that have the same
shape and those that do not have the same shape as
the first group. The rectangles from each group are
measured and their dimensions are recorded in Tables
1and2. The datais graphed and observations are made
to determine which graphs represent a proportional re-
lationship. Comparisons are made between any two

rectangles from Group 1 ( same shape group), and par-

ticipants make generalizations about different ways to
describe the shape and relative sizes of these rect-
angles. Through these investigations, participants iden-
tify the constants of proportionality within a set of simi-
lar shapes as “shape ratios” and the scale factors be-
tween pairs of similar shapes as “size ratios” and use
these ideas to determine whether two geometric figures
are similar or not.

Restless Rectangles on cardstock

-Scissors

1" graph paper

Cm Grid Paper

Metric rulers

Markers and/or peel-and-stick dots
Tape

Construction paper in two colors

Also:

Grade 6

4A, 11D, 12A, 13A

Grade 7

7A, 13C, 13D, 14A, 15A
Grade 8

7D, 14C,D, 15A, 16A, 16B
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I Restless Rectangles

Procedure: 1. Participants are to work in groups of 2 to 4 following
the procedure outlined in steps a - h in Activity 1.
2. The data collected from Activity 1 sheet is to be re-
corded in the tables provided in Activity 2. Have
_participants discuss pattems they see in the data.
(See Math Notes for Activity 2).
3. Have participants graph the data for the rectangles
in Group 1 on the grid in Activity 3 or on 1" graph

paper and answer the questions at the end of the

activity.
Participants should be encouraged to study Table 1
and Graph 1 to investigate the relationship between
the data in the table and the graph of the ordered
pairs (W,L). This connection should reinforce the defi-
nition of a ratio as “an ordered pair of measurements.”
4. Have participants graph the data for the rectangles
in Group 2 on the grid in Activity 4 or on 1" graph

paper and answer the questions at the end of the
activity.

Debriefing:  Ask participants to use the data from their tables and

graphs to make generalizations about the rectangles in
Group 1.

Extensicns: a. Provide participants with a set of triangles or other

Math Notes:
Participants should observe
that these rectangles have
the same shape because of
the constant ratio L, or

w
“shape ratio,” obtained from
Table 1, and that the corre-
sponding sides are propor-
tional. They should also
conclude that the scale fac-
tor or “size ratio” between
each pair of rectangles de-
scribes the relative sizes of
any two rectangles in the
set. It would be appropriate
at this time to label the rect-
angles in Group 1 as simi-
lar figures and discuss the
attributes of similar figures.
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I Restless Rectangles

Assessrient: 1.

Notes:

geometric figures that have the same shape and
some that do not. Have them sort the geometric

- figures and repeat this activity.

Ask participants to make a conjecture about the ra-
tio of the lengths of the diagonals for any two similar
rectangles from Group 1. Then, have them mea-
sure the diagonals of two rectangles from Group 1
and compare their ratio to the ratio formed by lengths
of corresponding sides.

Suppose the rectangle with sides 4 cm and 6 cmis
cut in half to form two smaller rectangles. Would the

smaller rectangle be similar to the original? Why or
why not?

Have participants make a set of geometric figures
that have the same shape and explain how they de-
termined this.

Have participants apply their knowledge of scale fac-

tor between similar fzgures to answer the questions
in Activity 5.

b. Participants should rec-
ognize that the ratio of the
diagonais for any two simi-
lar rectangles is the same

as the ratio of their corre-

sponding sides. Example:

The diagonal of the rect-

angle with dimensions 4 cm

by 6 cm has a length of V52

cm and the rectangle with

dimensions 8 cm by 12 cm

has a diagonal of iength

V208 , obtained by using the

Pythagorean Theorem. The

ratio of the diagonals can be

expressed as V52:V208.

When this ratio is simplified

to 2V13:4¥13 or 1:2,a com-

parison can more readily be

observed. This is the same

as the ratio of two corre-

sponding sides of the two
rectangles expressed as 4:8

or6:12. It is important to in-

troduce now this concept of
the constant ratio of corre-
sponding parts of similar fig-
ures, since the next activity,
One Size Fits All, will ex-
plore this idea in depth and
extend to the ratio of the
perimeters of similar figures
(equal to the ratio of their
corresponding parts) and
the ratio of areas of similar
figures (equal to the square
of the ratio of their corre-
sponding parts).
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I Restless Rectangles

Restless Rectangles

Activity 1
a. Cut out each rectangle.

b, Sortthe rectangles into 2 groups:
Group 1: Rectangles that have the same shape.
Group 2: Rectangles that do not have the same shape as those in Group 1.

¢. Arrange the rectangles in Group 1 in order from largest to smallest and place
the largest on the Restless Rectangles Guide first followed by the next largest
on fop, elc. as shown below. )

d. Select the largest rectangle and place the edpe of a ruler along its diagonal.
What do you observe?

e. Are thefe any rectangies that you put in Group 1 that you now think beiong to
Group 27 If s0, put them in Group 2.

f.  Repeat steps C and D above for the rectangles in Group 2. What do you ob-
serve about their diagonals?

g. +ow could you use the Information about the diagonals of the rectangles in
Sroup 1 to show that they have the “same shape?

h. Nrite 5 statement about your observations conceming rectangles that have
he same shape.

TEXT AMS Rethirsang MGGk SChoo! MaTwemaios: Proporioraty Aty

Answers ind Math Notes:

a. Dimens ons of rectangles:

A:3cmxilcm; G:6cmx4cm; l:6ecmx9cm; D: 8emx 12 cm: E: 12 cm
x6cm; F:5emx3cm; C:3cmx4cm; B:10ecmx4cm; H: 7ecmx5cm
b. Particir ants will sort the rectangles according to “same shape” without
measuring. Ask participants to explain the criteria used to sort the rect-
angles intc two distinct groups.

c. Ask part cipants to observe the arrangement of the rectangles from Group
10on the G Jide. Ask them if they would like to change any of the rectangles
placed in (iroup 1 or Group 2 and why. ;
d. Particip:ints should observe that the diagonals of all rectangles in Group
1 lie on th: same line through the origin. If there is any rectangle whose
diagonal is not aligned with the others, its placement into this set should be
reviewed.

e. These ciagonals do not lie on the same straight line through the origin.
g. Arrange these rectangles on centimeter grid paper with the width and
length alig ved along the x- and y-axes, respectively. Observe that the di-
agonals lie along a line through the origin. This means that the widths and
lengths of he rectangles in this set form a proportional relationship.

h. Rectanc les that have the same shape will have their diagonals all on the
same line hat passes through the origin.
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Restless Rectangles

Activity 1
a. - Cul out each rectangle.
b. Soitthe rectangles into 2 groups:

Group 1: Rectangles that have the same shape.
Group 2: Rectangles that do not have the same shape as those in Group 1.

c. Arrange the rectangles in Group 1 in order from largest to smallest and place
the largest on the Restless Rectangles Guide first followed by the next largest
on top, etc. as shown below.

d. Select the largest rectangle and place the edge of a ruler along its diagonal.
Wt at do you observe? -

e. Are there any rectangles that you put in Group 1 that you now think belong to
Group 27 If so, put them in Group 2.

f. Rebeat steps C and D above for the rectangles in Group 2. What do you ob-
serve about their diagonals? '

g. How could you use the information about the diagonals of the rectangles in
Group 1 to show that they have the “same shape?”

h. Write a statement about your observations concerning rectangles that have
the same shape.
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Restless Rectangles

Activity 1
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Restless Rectangles

Guide for Activity 1
£:
$)
£
Q
-
Width
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'Restless Rectangles

Restless Rectangles
Activity 2

U se a centimeter ruler to measure the length and width of each rectangle in Group
1 mdreoordinhelablebeiow.Domesameforﬂ'\eractangiesinGmmz.

Ti ble 1—Group 1 Dsta Table 2—Group 2 Data

Foctangle | W | L Rectangie| W | L
F 2|3 E 6 |12
F 4|6 F 3|5
3 6 | 9 e a4
B 8 |12 B 4 |10
i i =

Wha!iamemﬁoofL:Wtor!hermnglasinGmup!?

o

Is this a constant ratio?

o

Howdoesﬁsraﬁodesu-ibema‘shape'ofmmanglas?

a

Compare the ratios of L:W in Group 2, Is there a constan! ratio?
Explain.

TEN EAMS Rotw

g Middle Schaol b : Proportionasty

Reason and Communicate:

Ask particif ants to explain what it means to have a constant ratio in com-
paring L to W for the two groups.

Have partic pants write an equation that expresses the relationship that
exists amor g the rectangles in Group 1. They should write one of the

equations [ =kW or L/W=k. Ask them to explain what kK means in each
equation.

Ask particip ants to compare the length and width of the smallest rectangle
in Group 112 the largest. Have someone explain how to describe the rela-
tive sizes of these two rectangles. They should note that the dimensions of
the largest 1 actangle are ctimes as large as the dimensions of the smallest

rectangle ard that cis a scale factor that describes the relative sizes of the
two rectang es.

Answers:
a. L:W=23:2
b. Yes

¢. The ratio f the length to the width determines the shape of the rect-
angle.

d. No, the r: tios vary. The rectangles do not have the same shape.

Math Notes:

Ask participants to compare the data
in Tables 1 and 2 and note any fike-
nesses or differences. They should
recognize that the ratio of L:W in Table
1is a constant ratio, while the ratio L:W
inTable 2 is not constant. The constant
ratio in Table 1 can be represented by
k, called the constant of proportional-
ity. This constant describes the “shape”
of every rectangle in Group 1. The
equation L/W= kcan be expressed as
L = kW, where L is a constant multiple
of W. The constant of proportionality,
k, can be thought of as the “shape ra-
tio” for this set of similar rectangles
(Dick Stanley, Dana Center of The Uni-
versity of California at Berkley).

By comparing the lengths and widths
of the smallest and largest rectangles
from Group 1, participants should rec-
ognize that the dimensions of the larg-
est rectangle are 4 times those of the
smallest rectangle. We can write an

equation that relates the length Lz of
the largest rectangle to L , the length
of the smallest rectangle as Lz = 4L’.
Ask participants to write an equation
relating the widths of the largest and
smallest rectangle in Group 1

(W = 4W). Have them do the same
forzany twl: rectangles from Group 1.
Thus, for any two rectangles in Group
1, L =cL and W = cW, where cis
the ;ca!e f:'szcror'. Thfs cons{ant creflects
the relative size of the dimensions of

one rectangle when compared to the
dimensions of another rectangle in our

set of rectangles that have the same
shape. (For example, L2= 4L,and Wz
= 4W tell us that the dimensions of
the Iar,gest rectangle are four times the
dimensions of the smallest rectangle).
The constant ¢ can be thought of as

the “size ratio” between these two rect-
angles. (Dick Stanley, Dana Center of

The University of California at Berklay).
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Restless Rectangles
Activity 2

Use a centimeter ruler to measure the‘length and width of each rectangle in Group
1 and racord in the table below. Do the same for the rectangles in Group 2.

Table 1—Group 1 Data Table 2—Group 2 Data

Rectangle | W L Rectangle| W L

a. Whatis the ratio of L:W for the rectangles in Group 1?
b. Is this a constant ratio?
c. How does this ratio describe the “shape” of these rectangles?

d. Coinpare the ratios of L:W in Group 2. Is there a constant ratio?
Explain.
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I Restless Rectangles

Restless Rectangles
Activity 3—Group 1 Graph
Use the data from Table 1 to make a graph.

-
= 4
- /
-
-
4
£ /)
s .
g
d -
- 7
/]
-
L3
7
0 1 2 3 4 5 K. T .8  J -3 1" IZ.
Width

a tseyown.iertodrawaﬂnehoughmepohtaWhatduywobsewe?Does
ﬂelhepassﬁwwgha!lthepdnts?boaslheﬁnepasﬂmughhoﬁgin?

b. V'o-.ddarectanglewithalengthohﬂemandawidmotacmbelonghﬂis
g oup? Why or why not?

c 8 alelhedfmansionsofamﬂmrec:anglathatmidbebnghﬁm 1.

Acry-11

Answers:

a. All the pcints should lie on a straight line passing through the origin.
b. No, becz use the coordinate (8,10) would not lie on this line.

c. Answers will vary. Example: 18 cm by 27 cm

Math Note::

The graph ¢ f the data for the rectangles in Group 1 should lie on a straight
line that pa: ses through the origin. This result is consistent with a charac-
teristic of a aroportional relationship. (In other words, in this group of rect-
angles, the width is proportional to the length.) Ask participants to use this
graph to givi: the dimensions of other rectangles that would beiong to Group
1 and justify their answers. Have participants do a scatter plot of the data
on a graphiig calculator and a line of best fit. They could trace along the
line or use 1 table to find dimensions of other rectangles that belong to
Group 1, the: group of similar rectangles that have the “same shape.”

Reason and Communicate:

Ask participants to reflect on a previ-
ous activity where “groups of” objects
were compared resulting in equivalent
ratios (Perfect Paint Colon). This ac-
tivity builds upon the Perfect Paint
Coloractivity by using “strips of three”
and “strips of two” to establish a set of
ordered pairs (W, L) whose ratios L

W
are equivalent.

Have participants reflect on the use
of tables and graphs to represent the
same data. The table helps one to
make comparisons and find a constant
ratio. This enables one to determine if
there is a proportional relationship
from a tabular form. By observing the
graph of this relationship, participants
should note that the vertices W, L)
from the table lie on a straight line that
passes through the origin. Ask partici-
pants to state any observations about
the equivalent ratios from their table
and the ordered pairs graphed and
write a definition of a ratio. They should
observe that a ratio is an ordered pair
of measurements.

While using the graph to interpret data,

participants should be encouraged to

consider questions like the following:

“Does a rectangle with dimensions

W=18cmand L =26 cm belong to

Group 1? Why or why not?"

No, because the ratio of L is not the
w

same as the constant ratio 3 for Group 1.
2

“What does the ordered pair (10,15)
mean in the context of this problem?”
The width of the rectangle is 10 units
and the length is 15 units.

“Given the ordered pair (W, 36), find

the value of W so that the point will lie

on the graph of the Group 1 data.”
=24
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Restless Rectangles

Activity 3—Group 1 Graph

Use the data from Table 1 to make a graph.

12 13

11

6

n_r';l'lgu I
7

g 3 & 5 4 8 5 W@ u 12

o 6 77
Width
a. Use your ruler to draw a line through the points. What do you observe? Does
the line pass through all the points? Does the line pass through the origin?

b. Would a rectangle with a length of 10 cm and a width of 8 cm belong in this
group? Why or why not?

c. Stale the dimensions of another rectangle that would belong to Group 1.
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I Restless Rectangles

Restless Rectangles
Activity 3—Group 1 Graph continued

d. PlameachmctangiefromGro-up!onﬂ\egﬁdmﬁ'xal!helengmandwidlhare
aligned with the axes and trace. State your observations.
Cut out one 3 cm by 15 cm strip from one color of construction paper, Cut out
anacther strip 2 cm by 15 cm from a different color, Usa the wider strip to mark off
3 cm sactions slong the vertical axis. Use the other strip to mark off 2 cm sec-
lions along the horizontal axis.

e. How many groups of 3 cm are there in the length of rectangle A? rectangle G7
-low many groups of 2 cm are there in the width of rectangie A7 rectangle G7

f. JsethesesMpstocornparagmupsomeandZunfortheoﬂwrrectanglesin
3roup 1. Do these rectangles seem to be “growing” in the same way as you
nove from smallest to largest? Explain.

g. The dimensions of rectangle G are how many times the dimensions of rect-
ingle A? This factor is called a scale factor.

h. Arite an equation that describes the relationship between the length, L,.ol
ectangle G and the length, L1.olmdangleA.Wﬂtea.nnihetoquaﬂonmtde-
ribes the relationship between the width, Wﬂ.ofractangleGsnd!hewldm.
‘V‘.ofrecurghA.

L Vhatseemstnbamosamo!neaehaquaﬂm?WhaHsanomnamafcfﬂis
| onstant?

A 'MMMMMMWANWG?WM
1amﬂobetmmwhlmdesuhemmectmgbsthpt?

k. ¢ elect any two rectangles from Group 1 {o&mmnkunde)andbdanﬁfylhe
l:aleiactorfromonetotheomerbra'sizim up” and "sizing down" situation,

TEXTI ANS Rothunitng Midde SChool Mathemascs: Proportonaity AChViRy-14 1

Answers:
d. The end)oints of a diagonal of each rectangle lie on the line.
e. Rectangl2 A: 1 group of 3 cm, 1 group of 2 cm-
Rectangle (3: 2 groups of 3¢cm, 2 groups of 2 cm
f. Yes, the |2ngths and widths of any two rectangles in Group 1 “grow” by
the same si:ale factor,
g- 2 times
h.L=2L, 'V =2W
2 1 2 1

. In each equation, there is a constant factor 2 called the scale factor.

j- This cons ant “c” for any two rectangles in Group 1 is also referred to as
the “size raiio”.

k. Example: What is the scale factor from the rectangle with w:/ of 4:6 to
the rectangl 2 with w:/ of 10:157

<]

2

What scale ‘actor would represent a reduction of the rectangle with sides
10 ¢mand * 5 cm to a rectangle with sides 2 em and 3 em?

ol
5
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Restless Rectangles
Activity 3—Group 1 Graph continued

d. Plase each rectangle from Group 1 on the grid so that the length and width are
aligned with the axes and trace. State your observations.
Cut out one 3 cm by 15 cm strip from one color of construction paper. Cut out
ancther strip 2 cm by 15 cm from a different color. Use the wider strip to mark off
3 cin sections along the vertical axis. Use the other strip to mark off 2 cm sec-
tions along the horizontal axis.

e. How many groups of 3cm are there in the length of rectangle A? rectangle G?
How many groups of 2 cm are there in the width of rectangle A? rectangle G?

f.  Use these strips to compare groups of 3cmand 2 cm for the other rectangles in
Group 1. Do these rectangles seem to be “growing” in the same way as you
move from smallest to largest? Explain.

g. The dimensions of rectangle G are how many times the dimensions of rect-
ang e A? This factor is called a scale factor.

h. Wrile an equation that describes the relationship between the length, Lz, of
rectangle G and the length, L , of rectangle A. Write another equation that de-

scrihes the relationship betwéen the width, W , of rectangle G and the width,
2
W1, of rectangle A.

I.  Whet seems to be the same in each equation? What is another name for this
consitant?

j.  Whezt does this constant describe about rectangle A and rectangle G? What would
the ratio between their lengths describe about any two rectangles in Group 1?

k. Select any two 'rectangles from Group 1 (other than A and G) and identify the
scali2 factor from one to the other for a “sizing up” and “sizing down” situation.
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I Restless Rectangles

Restless Rectangles Reason and Communicate:
Participants should observe that the
Activity 4—Group 2 Graph rectangles in this group have diago-

nals that do not line up on the same
line. Ask them what this means. Ask
participants to explain how they could
use Table 2 to help them determine if
this is a proportional relationship.

Usa the data from Table 2 to make a graph.

" o 10

Length

4. | it possible 1o draw a line through these points like you did In Graph 17
b. Flace each rectangle from Group 2 on the grid and trace.

. V/hat do you observe about these rectangles? Are thay "growing” in the same
1 ray? Explain. .

Answers:

a. No

¢. The dimensions of the rectangle are not growing in the same way. The
diagonals d2 not lie on the same line.

Math Notes:

The graph of the data for Group 2 rectangles does not represent a straight
line. One cz n conclude that the data for Group 2 does not represent a pro-
portional re ationship. This conclusion can also be verified by examining
the data in "“able 2. There is not a constant ratio when comparing L to W.
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Restless Rectangles

Activity 4—Group 2 Graph

Use the data from Table 2 to make a graph.

11 12 13

10

9

Length

Width

a. Is it cossible to draw a line through these points like you did in Graph 1?
b. Place each rectangle from Group 2 on the grid and trace.

c. Whet do you observe about these rectangles? Are they “growing” in the same
way? Explain.
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.Restless Rectangles

Restless Rectangles
Activity §

Use your Restless Rec:anglestasolvemeseproblemmvohinge scale factor.
2. dentity the scala factor from rectangle G to rectangle C.

b. Nhat is the scale factor from rectangle | o rectangle A? Did this scale facor
Teale an enlargement or reduction from | to A? :

c. smeraascaiefamr!rnmmctangie[)toractangleE?Emhin.

d. lsecentimetergﬁdpaperwneereaangien.Thendrawrectan@eromat
:wsmietacmr!romrectangleDlnrectmg!eJiss.SMemedimembnsal'
:acmngleJ.HowdothesedimendonscomparatotMseolraaangfeD?

e, '?acemthonoenﬁmergﬁdpaps.chLdrawRectangleLmﬂmme
:caletacbrfrommctanglerrecw@eLB1B.Mw!erathedmens&onsof
1mngbt?rbwdoﬂsesemnmammmofmcmngleﬂ

I. | you use a scate factor (less than one) from figure R to figure S, then the resutt

ita(n) - (enlargement , reduction }
9. I you use a scale tactor (greater than one) from figure W 1o figure Z, then the
risult is a(n) . (enlargement, reduction )

h. Iiyouuseascalafaaorolffmﬂgue?toﬁgweo.ﬂwnﬁresullisa

j
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Answers: :
a. There isn't one because the rectangles are not the same shape (i.e.,
they are noi similar), -
b. 2 =1, a 'eduction

6 3
c. No, beczuse the two rectangles are not similar.
d. The dime nsions of rectangle J are 24 units x 36 units; the dimensions of
rectangle J iire 3 times the corresponding dimensions of rectangle D
e. The dime nsions of rectangle L are 1 unit x 4 units;

3

the dimensions of rectangle L are 1/3 the length of the corresponding di-
mensions of rectangle C.
f. reduction
g. enlargem ent
h. congruert figure
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Restless Rectangles

Activity 5

Use ycur Restless Rectangles to solve these problems involving a scale factor.

a.

b.

Identify the scale factor from rectangle G to rectangle C.

Wr at is the scale factor from rectangle | to rectahgle A? Did this scale factor
create an enlargement or reduction from | to A?

s there a scale factor from rectangle D to rectangle E? Explain.

Us:2 centimeter grid paper to trace rectangle D. Then draw rectangle J so that
the scale factor from rectangle D to rectangle J is 3. State the dimensions of
rectangle J. How do these dimensions compare to those of rectangle D?

Trace rectangle C on centimeter grid paper. Next, draw Rectangle L so that the
scele factor from rectangle C to rectangle L is 1/3. What are the dimensions of
rec:angle L? How do these compare to those of rectangle C?

It you use a scale factor (less than one) from figure R to figure S, then the result
is a(n) . (enlargement , reduction )

It you use a scale factor (greater than one) from figure W to figure Z, then the
res Jlt is a(n) . (enlargement, reduction )

It y>u use a scale factor of 1 from figure P to figure Q, then the result is a
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